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Abstract 

  A decomposition of a graph G is a collection  GNP
 of  edge disjoint subgraphs 

rHHH ,,, 21   of G  such that every edge of G belongs to exactly one 
.iH
 If each iH

 is a  

Gaussian neighborhood  prime graphs  then 
GNP   is called a Gaussian neighborhood prime 

decomposition of G. The minimum cardinality of a Gaussian neighborhood prime decomposition 

of G is called a Gaussian neighborhood prime decomposition number of G and it is denoted by 

).(GGNP  In this paper, we investigate Gaussian neighborhood prime decomposition of helm of 

fan graph )( nm FH , helm of wheel graph ),( nm WH  sunflower planar graph .nSF   

Key words: Helm of fan graph, Helm of wheel graph, Sunflower planar graph, 

Neighborhood and Decomposition. 
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  1. Introduction 

 Gaussian prime labeling was introduced by Steven Klee et al [10]. In 2018, the 

concept of Gaussian neighborhood prime labeling was introduced by Rajesh Kumar and 

Mathew Varkey with respect to spiral order[5]. The Gaussian integers are 1, 1+i, 2+i, 2, 3, 3+i, 

3+2i, 2+2i, 1+ 2i, 1 + 3i, 2 + 3i, 3 + 3i, 4 + 3i, 4 + 2i, 4 + i, 4, 5, 5 + i,…. In this sequel, we 
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investigate Gaussian neighborhood prime decomposition of helm of fan graph ),( nm FH  helm of 

wheel graph ),( nm WH sunflower planar graph .nSF
 
 

Definition 1.1  Let ( ))(),( GEGVG =  be a graph with n vertices. A bijective function 

},...,,,{)(: 321 nGV  →+
 is called Gaussian neighborhood prime labeling, if the Gaussian 

integers in the set for every vertex )(GVv  with deg 1)( v , gcd .1)}(:)({ =+ vNuu  A graph 

which admits Gaussian neighborhood prime labeling is called a Gaussian neighborhood prime 

graph.  

Definition 1.2 A decomposition of a graph G is a collection },,,{ 21 rp HHH =  such that 

every edge of G belongs to exactly one .iH  If each iH  is a prime graph, then 
p  is called a 

prime decomposition of G.  The minimum cardinality of a prime decomposition of G is called 

the prime decomposition number of G and is denoted by .)(Gp
 

Definition 1.3 [4] The helm graph nH  is obtained from a wheel graph nW
 
by attaching 

a pendant edge to each vertex of the n cycle. 

Definition 1.4 [4] The fan graph nF  is obtained from the path nP  by joining all 

vertices of nP  to  a  new vertex called the center. It has 1+n  vertices and 12 −n  

edges. That is .1KPF nn +=  

Definition 1.5[3] A wheel graph nW  is obtained by joining a single vertex to all vertices 

of an n cycle. In other words the wheel nW  is defined to be the join of .1KCn +  

Definition 1.6 [6] A sunflower planar graph nSF  is obtained by a wheel graph having 

vertices mvvv ,...,, 10  ( 0v is essential vertex) whereas mvvv ,...,, 21  are rim vertices and other 

vertices muuu ,...,, 21  such that 
ju  is joined to 

jv  and .1+jv  

 

2. Main Results    

Theorem 2.1 The decomposition of helm of fan graph )( nm FH   is Gaussian neighborhood prime 

for all m, n ≥ 3. 
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Proof.  Let  )( nm FH  be the helm of fan graph with vertex set    

n}j1 m,i1 /{m}i1/,{}{])([ i0 = ijinm wvuuFHV  and   edge set

}.11,1/{}1,1/{

}{1}-mi1/{}1/{m}i1/{)]([

)1(

11ii0

−

=

+

+

njmiwwnjmiwv

uuuumivuuuFHE

jiijiji

miiinm
  

Clearly,
 

1)2()]([ ++= nmFHV nm
and  ).1(2)]([ += nmFHE nm  

  Let )}(,...,,,{ timesmFFFH nnnmGNP =  be a decomposition of ).( nm FH  

Let m, n be the positive integers and d be the decomposition number. 

Let 








==−−+

==−−+
=

,...3,2,1&,...4,3),2(mod0&)2(

,...3,2,1&,...4,3),2(mod1&)2(

dnmifHFdnm

dnmifHFdnm

mn

mn

GNP

 

The decomposition of helm of fan graph )( nm FH  contains fan graphs nF  and a helm graph 

.mH  This implies that   )}(,...,,,{ timesmFFFH nnnmGNP    

That is | )(||...||||||| timesmFFFH nnnmGNP ++++
 

                  |||| nm FmH +  

Hence .1)]([ + mFH nmGNP  

We claim that GNP  is a Gaussian neighborhood prime decomposition of ).( nm FH  

Let a be any vertex of nF  and .mH  

Case (i): Let .3,1 = nFH n   

Let },...,,,{ 210 nvvvv  be the vertices of .1H  

Define a function },...,,,{)(: 13211 +

+ → nHV  by   

10)(  =+ v
 

niv ii = +

+ 1,)( 1
 

Let 0va =  with deg .3)( a Then gcd .1})(/)({ =+ aNww V
 

Let }1/{ niva i =  with deg .3)(2)( ora =  Then gcd .1})(/)({ =+ aNww V  

Thus 
+  admits Gaussian neighborhood prime labeling.

 

Case (ii): Let .3,2 = mHH m   

Let },...,,,,...,,,{ 21210 mm vvvuuuu  be the vertices of .2H  
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 Define a function },...,,{)(: 12212 +

+ → mHV  by   

10)(  =+ u
 

miv ii = +

+ 1,)( 1
 

miu imi = ++

+ 1,)( 1  

Let 0ua =  with deg .3)( a Then gcd .1})(/)({ =+ aNww V
 

Let }1/{ miua i =  with deg .4)( =a Then gcd .1})(/)({ =+ aNww V  

Thus +  admits Gaussian neighborhood prime labeling.
 

Hence GNP  is a Gaussian neighborhood prime decomposition of  ).( nm FH  

Therefore the decomposition of helm of fan graph )( nm FH  is  Gaussian neighborhood prime for 

all m, n ≥ 3. 

Theorem 2.2 The decomposition of helm of wheel graph )( nm WH   is Gaussian neighborhood 

prime for all m, n ≥ 3. 

Proof.  Let  )( nm WH  be  the helm of wheel graph with vertex set    

m}i1 /{n}j1 m,i1 /{m}i1/{}{])([ 0 = iijinm wwuuWHV  and   edge set

}.1,1/{}1,1/{}1/{

}{1}-mi1/{m}i1/{)]([

)1(1

11ii0

njmiwwnjmiwwmiwu

uuuuuuWHE

ijijiijii

minm



=

+

+
  

Clearly,
 

1)2()]([ ++= nmWHV nm and  ).32()]([ += nmWHE nm  

Let m, n be the positive integers and d be the decomposition number. 

Let 








==−−+

==−−+
=

,...3,2,1&,...4,3),2(mod0&,)2(

,...3,2,1&,...4,3),2(mod1&,)2(

,,1

,,1

dnmifKCWdnm

dnmifKCWdnm

mmmn

mmmn

GNP

 

The decomposition of helm of wheel graph )( nm WH  contains a cycle graph mC  , double 

star graph mmK ,,1 and wheel graph .nW    

This implies that  )}(,...,,,,{ ,,1 timesmWWWKC nnnmmmGNP    

That is | )(||...||||||||| ,,1 timesmWWWKC nnnmmmGNP +++++
 

                  |||||| ,,1 nmmm WmKC ++  

Hence .2)]([ + mWH nmGNP  
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We claim that GNP  is a Gaussian neighborhood prime decomposition of ).( nm WH  

Let a be any vertex of ,mC
 mmK ,,1 and  .nW  

Case (i): Let .3,1 = mCH m   

Let },...,,{ 21 mvvv  be the vertices of .1H  

Define a function },...,,,{)(: 3211 nHV  →+
by  

 

miv ii =+ 1)( 
 

Let }1/{ miva i =  with deg .2)( =a Then gcd .1})(/)({ =+ aNww V  

Thus 
+  admits Gaussian neighborhood prime labeling.

 

Case (ii): Let .3,,,12 = mKH mm   

Let },...,,,,...,,,{ 21210 mm vvvuuuu  be the vertices of .2H  

Define a function },...,,,{)(: 123212 +

+ → mHV  by   

10)(  =+ u
 

miu ii =+ 1)( 2
 

miv ii = +

+ 1,)( 12
 

Let 0ua =  with deg .3)( a Then gcd .1})(/)({ =+ aNww V
 

Let }1/{ miua i =  with deg .2)( =a Then gcd .1})(/)({ =+ aNww V  

Thus 
+  admits Gaussian neighborhood prime labeling. 

Case (iii): Let .3,3 = nWH n   

Let },...,,,{ 210 nvvvv  be the vertices of .3H  

Define a function },...,,,{)(: 13213 +

+ → nHV  by   

10)(  =+ v
 

niv ii = +

+ 1,)( 1
 

Let 0va =  with deg .3)( a Then gcd .1})(/)({ =+ aNww V
 

Let }1/{ niva i =  with deg .3)( =a Then gcd .1})(/)({ =+ aNww V  

Thus 
+  admits Gaussian neighborhood prime labeling. 



 
36                                                            JNAO Vol. 15, Issue. 2 :  2024 

 

Hence GNP  is a Gaussian neighborhood prime decomposition of ).( nm WH   

Therefore the decomposition of helm of fan graph )( nm WH   is  Gaussian neighborhood prime for 

all m, n ≥ 3. 

 

Theorem 2.3   The decomposition of the sunflower planar graph  nSF is Gaussian neighborhood  

prime  for all .3n  

Proof.   Let nSF  be the sunflower planar graph with vertex set 

}ni1 /{}n  i1 /{}{][ 0 = iin vuuSFV  and  edge set 
  

}.{1}-ni1 /{}n  i1 /{}{}1-ni1 /,{}n  i1 /{][ 11110 uvuvvuuuuuuuSFE niiiiniiin = ++

Clearly, 12][ += nSFV n  and  .4][ nSFE n =    

Let  12, += nnGNP PW  be a decomposition of   .nSF
 

Let  n be the positive integer  and d be the decomposition number. 

Then  








=−−

=−−
=

+

+





,5,3,1),2(mod0&)1(

,5,3,1),2(mod1&)1(

12

12

dnifPWdn

dnifPWdn

nn

nn

GNP   

The decomposition of  sunflower planar graph nSF   contains a wheel graph  
nW   and  a path  

graph .12 +nP  This implies that  12, + nnGNP PW  

That is 12 ++ nnGNP PW  

Hence .2)( nGNP SF  

We claim that GNP  is a  Gaussian neighborhood prime decomposition of    .nSF    

Let a be any vertex of  nW  and  .12 +nP
 

Case (i): Let .3,1 = nWH n   

Let },...,,,{ 210 nuuuu  be the vertices of .1H  

Define a function },...,,,{)(: 13211 +

+ → nHV  by   

10)(  =+ u
 

niu ii = +

+ 1,)( 1
 

Let 0ua =  with deg .3)( a Then gcd .1})(/)({ =+ aNww V
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Let }1/{ niua i =  with deg .3)( =a Then gcd .1})(/)({ =+ aNww V  

Thus +  admits Gaussian neighborhood prime labeling. 

Case (ii):  Let .3,122 = + nPH n  

Let  12321 ,,,, +nvvvv   be the vertices of  .2H  

Define a function },...,,{)(: 12212 +

+ → nHV    by 

11,)( 12 +=−

+ niv ii 
 

niv ini = ++

+ 1,)( 12 
 

Let }22/{ niva i =  with deg .2)( =a  Then gcd .1})(/)({ =+ aNww V
 

Thus 
+   admits Gaussian neighborhood prime labeling.

 

Hence GNP
 
is a Gaussian   neighborhood prime decomposition of  .nSF      

Therefore the decomposition of sunflower planar graph  nSF   is Gaussian  neighborhood prime 

for all .3n  

3. Conclusion 

 
In this paper, we investigate Gaussian neighborhood prime decomposition of helm of fan 

graph Hm(Fn), helm of wheel graph Hm(Wn), sunflower planar graph SFn. In future we will 

investigate Gaussian neighborhood prime de- composition of graphs using different labelings. 
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