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Abstract

A decomposition of a graph G is a collection Yew of edge disjoint subgraphs

Hi Heooo He 6 G such that every edge of G belongs to exactly one Hi it each i isa

Gaussian neighborhood prime graphs then y . is called a Gaussian neighborhood prime

decomposition of G. The minimum cardinality of a Gaussian neighborhood prime decomposition
of G is called a Gaussian neighborhood prime decomposition number of G and it is denoted by

7o (G). In this paper, we investigate Gaussian neighborhood prime decomposition of helm of
fan graph H_(F,), helm of wheel graph H_(W,), sunflower planar graph SF..
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1. Introduction

Gaussian prime labeling was introduced by Steven Klee et al [10]. In 2018, the
concept of Gaussian neighborhood prime labeling was introduced by Rajesh Kumar and
Mathew Varkey with respect to spiral order[5]. The Gaussian integers are 1, 1+i, 2+i, 2, 3, 3+i,
3+2i, 2+2i, 1+ 21, 1 + 31,2 + 3i,3+ 31,4+ 3i,4 + 2,4 +1,4,5,5 +1i,.... In this sequel, we
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investigate Gaussian neighborhood prime decomposition of helm of fan graph H_(F,), helm of

wheel graph H_(W,), sunflower planar graph SF,.

Definition 1.1 Let G =(V(G),E(G)) be a graph with n vertices. A bijective function

¢" N (G) {772 V307, } is called Gaussian neighborhood prime labeling, if the Gaussian

integers in the set for every vertex v eV (G) with deg(v) >1, gcd{¢" (u) :u e N(v)}=1. A graph
which admits Gaussian neighborhood prime labeling is called a Gaussian neighborhood prime
graph.

Definition 1.2 A decomposition of a graph G is a collection v, ={H,, H,,..., H } such that

every edge of G belongs to exactly one H,. If each H; is a prime graph, then v is called a

prime decomposition of G. The minimum cardinality of a prime decomposition of G is called

the prime decomposition number of G and is denoted by 7 ,(G).

Definition 1.3 [4] The helm graph H, is obtained from a wheel graph W, by attaching

a pendant edge to each vertex of the n cycle.

Definition 1.4 [4] The fan graph F, is obtained from the path P, by joining all
vertices of P, to a new vertex called the center. It has n+1 vertices and 2n-1
edges. Thatis F, =P, +K,.

Definition 1.5[3] A wheel graph W, is obtained by joining a single vertex to all vertices
of an n cycle. In other words the wheel W, is defined to be the join of C_ +K,.
Definition 1.6 [6] A sunflower planar graph SF, is obtained by a wheel graph having
vertices v,,Vv,,...,V,, (v, is essential vertex) whereas v,,v,,...,v,, are rim vertices and other

vertices u,,U,,...,U,, suchthat u; is joined to v; and v;,,.

2. Main Results
Theorem 2.1 The decomposition of helm of fan graph H,, (F,) is Gaussian neighborhood prime

for all m, n > 3.
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Proof. Let H_(F,) be the helm of fan graph with vertex set
V[H, (F) I={u oy, v /1<i<mpu{w; /1<i<m,1<j<n} and edge set

E[H,(F)={uu /1<i<m}u{uyy, /1<i<m}pufuu,, /1<i<m-1}od{u,u v

i+l

iw; /1<i<m, 1< j<npu{ww, ;) /1<i<m, 1< j<n-1}.
Clearly, |V[H,(F)]|=m(n+2)+1and | E[H,(F)]|=2m(n+1).

Let wew ={H,.F, F,.....F,(mtimes)} be a decomposition of H, (F,).
Let m, n be the positive integers and d be the decomposition number.

(m+n-d-2)F, &H, if m=1(mod2),n=34,.&d=123,...
(m+n-d-2)F, &H, if m=0(mod2),n=34,.&d=123,...

Let wee :{
The decomposition of helm of fan graph H_ (F,) contains fan graphs F, and a helm graph
H,. Thisimplies that v, 2{H,.F,,F,.....F,(mtimes)}
Thatis |y | 2| H, |+ F |+ F, | +..+] F, | (mtimes)
>|H_ |+m|F, ]|
Hence 7zg,[H,, (F,)]=m+1.
We claim that y,, is a Gaussian neighborhood prime decomposition of H_(F,).
Let a be any vertex of F, and H,,.
Case (i): Let H,=F, n>3.

Let{v,,v,,V,,...,v,} be the vertices of H,.

Define a function ¢ :V (H,) >{ 71, 7: Yarees Vg F0Y

¢ (Vo) =1

¢ (v,)=7., 1<i<n

Let a =V, with deg(a) > 3.Then gcd{¢" (w)/we N, (a) }=1.

Let a={v,/1<i<n} withdeg(a)=2(or) 3. Then gcd{¢" (w)/we N, (a) }=1.
Thus ¢* admits Gaussian neighborhood prime labeling.

Case (ii): Let H,=H,, m>3.

m!?

Let{u,,u,,u,,...,u_,v,,v,,...,v. } be the vertices of H,.
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Define a function ¢ :V (H,) >{ 7,7, Vom1 }bY
¢" () =1
¢ (V)=7, 1<i<m
$ (U) =Yg 1<i<m
Let a =u, with deg(a) > 3.Then gcd{¢"(w)/we N, (a) }=1.
Let a={u, /1<i<m} with deg(a) =4.Then gcd{¢"(W)/we N, (a) }=1.
Thus ¢* admits Gaussian neighborhood prime labeling.
Hence ¢, is a Gaussian neighborhood prime decomposition of H,_ (F,).
Therefore the decomposition of helm of fan graph H_ (F,) is Gaussian neighborhood prime for

allm, n > 3.
Theorem 2.2 The decomposition of helm of wheel graph H_(W,) is Gaussian neighborhood
prime for all m, n > 3.

Proof. Let H_(W,) be the helm of wheel graph with vertex set

VIH,W,) I={u oy /1<i<mpo{w; /1<i<m,1<j<npu{w /1<i<m} and edge set
E[H,W,)]={uyu, /1<i<m}u{uu,

i+l

{uiwi /1<T <mPO{W W,y /1<T<m, 1< j<nfo{ww,

[1<i<m-1}u{u,u v
/1<i<m,1<j<n}
Clearly, |V[H,W,)]|=m(n+2)+1and |E[H,W,)]|=m(2n+3).

Let m, n be the positive integers and d be the decomposition number.

(m+n-d-2)W, ,C, &K if m=1(mod2),n=34,..&d=123,...
(m+n-d-2)W, ,C, &K if m=0(mod 2),n=34,..&d =123,...

Let ey :{ o

1,m,m
The decomposition of helm of wheel graph H,_ (W,) contains a cycle graph C, , double

star graph K, ..and wheel graph W,.

1,m,m

This implies that g 2{C,,, K 1 m ;W \ W, ,.... W, (M times)}

1,m,m ?

Thatis |wewe | Z1C |+ K | HIW, [+HW, [ +...4+|W, | (M times)

1,mm

2|Cp [+ Ky [+ MW, |

1,m,m

Hence 7gp[H, (W, )]>m+2.
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We claim that y,, is a Gaussian neighborhood prime decomposition of H_(W,).

Let a be any vertex of C, K, ,and W,.

1,m,m

Case (i): Let H,=C_, m>3.

m?

Let{v,V,,...,v,} be the vertices of H,.

Define a function ¢ :V (H,) >{ 71,7, Var-- ¥, } oy

¢ (v)=y, 1<i<m

Let a={v,/1<i<m} with deg(a)=2.Then gcd{¢" (W)/we N, (a) }=1.
Thus ¢ admits Gaussian neighborhood prime labeling.

Case (ii): Let H,=K m>3.

1,m,m?

Let {u,,u,,u,,...,.u,,v,,v,,...,v, } be the vertices of H,.

Define a function ¢" :V (H,) {71, 75,7311 Vo Y0y

$"(Uy) =7

$'(U)=y, 1<i<m

¢ (V) =V 1<i<m

Let a =u, with deg(a) > 3.Then gcd{¢"(w)/we N, (a) }=1.

Let a={u,/1<i<m} with deg(a)=2.Then gcd{ ¢ (W)/we N, (a) }=1.
Thus ¢ admits Gaussian neighborhood prime labeling.

Case (iii): Let H;=W,, n>3.

Let {v,,V,,V,,...,v,} be the vertices of H,.

Define a function ¢ :V (H,) >{ 71,72, Vares Vot oY

¢ (Vo) =7

¢ (V,)=7., 1<i<n

Let a =V, with deg(a) > 3.Then gcd{¢"(w)/we N, (a) }=1.

Let a={v;/1<i<n} with deg(a)=3.Then gcd{ g (W)/we N, (a) }=1.

Thus ¢ admits Gaussian neighborhood prime labeling.
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Hence ¢, is a Gaussian neighborhood prime decomposition of H_(W,).
Therefore the decomposition of helm of fan graph H_(W,) is Gaussian neighborhood prime for

allm, n>3.

Theorem 2.3 The decomposition of the sunflower planar graph SF, is Gaussian neighborhood

prime forall n>3.

Proof. Let SF, Dbe the sunflower planar graph with vertex set
VISE 1={uyu{u,/1<i<n }u{v,/1<i<n} and edge set

E[SF,]={u,u, /1<i<n }u{uu,,,/1<i<n-Lofu.urofuy, /1<i<n }jo{vu,, /1<i<n-1}u{v,u.}.
Clearly,|V[SF, ]|=2n+1 and |E[SF,]|=4n.

Let W ={W,, P, } beadecomposition of SF,.

Let n be the positive integer and d be the decomposition number.

[(-d-DW, &P, if n=1(mod2), d =1,3,5,
Then Yo =\(n_q _1)W_ &P, , if n=0(mod2), d =135, --

n+l

n+l

The decomposition of sunflower planar graph SF, contains a wheel graph W, and a path

graph P,,,. This implies that . 2 W, P, }

n+l*

That is |yeye|>| W, |+‘ Ponaa

Hence 7. (SF,) 2> 2.
We claim that y,, isa Gaussian neighborhood prime decomposition of  SF,.
Let a be any vertex of W, and P, ;.

Case (i): Let H,=W_, n>3.

Let {u,,u,,u,,...,u.} be the vertices of H,.

Define a function ¢ :V (H,) ={ 7,75, ¥ares 711 Y
¢ (Up) =

¢ (U)=y., 1<i<n

Let a =u, with deg(a) > 3.Then gcd{¢"(w)/we N, (a) }=1.
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Let a={u, /1<i<n} with deg(a)=3.Then gcd{ ¢ (W)/we N, (a)}=1.
Thus ¢* admits Gaussian neighborhood prime labeling.
Case (ii): Let H,=P,,,;,,n=>3.

Let {V,,V,,Vs,--,V,,, | be the vertices of H,.

Define a function ¢" :V(H,) >{ 7, %011 Yons } DY

¢ (Vy)=7, 1<i<n+1

$ W) =Yy 10 <0

Let a={v;/2<i<2n} with deg(a) = 2. Then gcd{¢"(W)/we N, (a) }=1.

Thus ¢ admits Gaussian neighborhood prime labeling.

Hence y ., isa Gaussian neighborhood prime decomposition of SF,.

Therefore the decomposition of sunflower planar graph SF, is Gaussian neighborhood prime

forall n>3.

3. Conclusion

In this paper, we investigate Gaussian neighborhood prime decomposition of helm of fan

graphHm(Fn), helm of wheel graph Hm(Wh), sunflower planar graph SFn. In future we will

investigate Gaussian neighborhood prime de-composition of graphs using different labelings.
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